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ABSTRACT

In this paper, we propose a simple but effective algorithm,
Quadratic Constrained Energy Minimization (QCEM) detec-
tor for hyperspectral image target detection. QCEM is a non-
linear version of classical Constrained Energy Minimization
(CEM) detector, and it exploits the nonlinear characteristics
of data by adding quadratic term on CEM model. Experimen-
tal results on one real hyperspectral images and one synthetic
image suggest our method significantly improves the perfor-
mance of the original CEM detection algorithm.

Index Terms— Hyperspectral image target detection,
constrained energy minimization (CEM), Quadratic term,
Regularization

1. INTRODUCTION

Hyperspectral imaging sensor collects digital images with
very densely sampled radiance spectra in the scene. Among
its wide range of applications, hyperspectral image target
detection is one of the most important applications due to its
both civil and military use. As each material is characterized
by a unique deterministic spectrum, it is able to discriminate
the materials based on the spectral characteristics. Sever-
al algorithms for hyperspectral target detection have been
proposed in the past decades such as matched filter (MF)
[1, 2], constrained energy minimization (CEM) [3], adaptive
coherence estimator (ACE) [2, 4], adaptive matched filter
(AMF) [5] and target-constrained interference-minimized
filter (TCIMF) [6].

Among these methods, CEM algorithm imposes a con-
straint on the target spectrum, and simply build a linear filter
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detector which minimizes the output energy. However, dis-
tribution of the real hyperspectral data is complex. The un-
compensated errors in the sensor, uncompensated atmospher-
ic and variation in the material usually add nonlinearity to
spectral data. Under these circumstances, linear filter detec-
tors like CEM may obtain bad detection results. In this pa-
per, we propose a simple but effective algorithm, Quadratic
Constrained Energy Minimization (QCEM) detector for hy-
perspectral target detection. QCEM is a nonlinear version of
classical CEM detector, and it exploits the nonlinear charac-
teristics of data by adding quadratic term on CEM model. In
order to enhance its robustness, a regularization term is fur-
ther added. The contributions of our work are summarized as
bellow:

1) We propose a novel hyperspectral target detection al-
gorithm, QCEM.

2) We theoretically explained that why QCEM obtain a
better detection performance than original CEM.

3) The proposed detector can be obtained by a closed-
form formulation and is easy to implement.

2. A BRIEF INTRODUCTION TO CEM

Consider a hyperspectral image with N pixel vectors and L
bands: xi ∈ RL×1, i = 1, 2, . . . , N . All spectra of the
N pixel hyperspectral image can be arranged in an L × N
matrix as X = [x1,x2, . . . ,xN ]. The aim of CEM algo-
rithm is to design an FIR filter specified by the vector w =
[w1, w2, . . . , wL]

T . The expectation of output energy can be
represented as

E{y2} = E{(wTx)2} = wTE{xxT }w = wTRw (1)

where R = E{xxT } represents the correlation matrix. The
CEM designs a FIR filter which minimizes the total output
energy subject to a constraint that the filter’s response to d is
1:

min J(w) = wTRw

s.t. wTd = 1
(2)



where d is the target spectrum and can be obtained by averag-
ing different target spectral vectors of a certain material in one
hyperspectral image. The solution of the above optimization
problem is given by [3] which is

w∗ =
R−1d

dTR−1d
. (3)

Thus the output of the CEM filter for a test pixel xi is given
by

yi = (w∗)Txi =
dTR−1

dR−1dT
xi. (4)

3. QUADRATIC CONSTRAINED ENERGY
MINIMIZATION DETECTOR

QCEM algorithm aims to design an nonlinear filter specified
by a diagnosed matrix G = diag(g1, g2, . . . , gL) and a vector
w = [w1, w2, . . . , wL]

T . For a test pixel xi ∈ RL×1, output
of QCEM filter can be expressed by the following quadratic
filter

yi = xT
i Gxi +wTxi. (5)

In QCEM algorithm, w and G can be determined by the fol-
lowing optimization problem

min J(w,G) = E{y2}+ β(∥w∥2F + ∥G∥2F )
s.t. dTGd+wTd = 1,

(6)

where ∥ · ∥F represents the Frobenius norm of a matrix and
β is a positive number which is used to control the amount of
regularization. In (6), the objective function J(w,G) consists
of two parts. The first part E{y2} represents the expectation
of output energy. The second part β(∥w∥2F + ∥G∥2F ) is a
regularization termwhich aims to reduce the complexity of
the filter and increase its stability. QCEM aims to design a
nonlinear filter detector, which minimizes the output energy
and the regularization term at the same time, meanwhile, the
filter’s response to the target spectrum d is subjected to 1. In
order to solve this matrix optimization problem, the objective
function J(w,G) can be expanded as

J(w,G) = E{(xTGx+wTx)2}+ β(∥w∥2F + ∥G∥2F )

= E{(
L∑

j=i

wjxj +

L∑
j=i

gjx
2
j )

2}+ β

L∑
j=1

(w2
j + g2j )

= E{(rT x̃)2}+ β∥r∥22,
(7)

where

r = [w1, w2, . . . , wL, g1, g2, . . . , gL]
T ∈ R2L×1,

x̃ = [x1, x2, . . . , xL, x
2
1, x

2
2, . . . , x

2
L]

T ∈ R2L×1
(8)

represent the expanded coefficient vector and the expanded
spectral data, respectively. Similarly, the constrain term of

(6) also can be expanded as

dTGd+wTd =
L∑

j=1

wjdj +
L∑

j=1

gjd
2
j = rT d̃, (9)

where

d̃ = [d1, d2, . . . , dL, d
2
1, d

2
2, . . . , d

2
L]

T ∈ R2L×1 (10)

represents the expanded target spectral data. Thus, by us-
ing the transformation (8) and (10), the matrix optimization
problem (6) can be transformed into the following vector op-
timization problem

min J(r) = E{(rT x̃}+ β(∥r∥22)
s.t. rT d̃ = 1.

(11)

The problem (11) can be easily solved, and have the following
closed-form solution

r∗ =
(E{x̃x̃T }+ βI)−1d̃

d̃T (E{x̃x̃T }+ βI)−1d̃
. (12)

Thus the output of the QCEM filter for a test pixel xi can be
obtained by

yi = xT
i G

∗xi +w∗Txi = r∗T x̃i. (13)

4. EXPERIMENT ON SYNTHETIC
HYPERSPECTRAL DATA

The spectral library we used in this experiment is provid-
ed by the United States Geological Survey (USGS) [7] dig-
ital spectral library. 15 endmember signatures are used to
generate our synthetic data, including Labradorite HS17.3B,
Rhodochrosite HS67, etc. The above 15 spectra are collected
in 224 bands uniformly spanning from 0.4 to 2.5 µm. In this
experiment, Labradorite HS17.3B is used as the target spec-
trum. We used the target implantation method introduced by
Chang et al. [8] to generate the synthetic data. We first di-
vide the synthetic map, whose size is s2 × s2 (s = 8), into
s × s regions. Each region is initialized with the same type
of ground cover which is randomly selected from the above
15 kinds of signatures. Then mix the synthetic map through a
(s + 1) × (s + 1) spatial low-pass filter. Finally we implan-
t clean target into the backgrounds by replacing their corre-
sponding pixels. In order to evaluate the detector’s variabili-
ty, both targets and backgrounds are corrupted by a Gaussian
white noise with 30 dB SNR at the same time. Fig. 1(a) shows
the first band of the synthetic image and Fig. 1(b) shows the
groundtruth.

The regularization parameter β of our QCEM algorithm is
set to 0.01. In this experiment, we compare our QCEM with
the original CEM algorithm [3]. In order to further evaluate
the effect of the quadratic term in (5), we also compare with



Fig. 1. (a) First band of the synthetic hyperspectral image. (b)
Truth distribution of the targets (groundtruth).

Fig. 2. Detection results of (a) CEM algorithm, (b)
regularization-CEM algorithm and (c) our QCEM algorithm
on synthetic data.

regularization-CEM algorithm (QCEM without quadratic ter-
m). Fig. 2 shows the outputs of the (a) original CEM, (b)
regularization-CEM and (c) the proposed QCEM. Outputs of
all detectors in Fig. 2 are normalized to [0,1] for compari-
son. From Fig. 2 we can see the highest detection score of
the targets by the our QCEM algorithm generally correspond
with those pixels belong to the groundtruth image. The result
suggests that our algorithm outperforms the other two algo-
rithms.

To further illustrate the effectiveness of our hierarchical
architecture, the Receiver Operating Characteristics (ROC)
[9] curves are used. The ROC curves describe the varying
relationship of detection probability and false alarm rate, and
provide performance comparison of the different detectors [4,

9]. Based on the groundtruth image, the ROC curve gives the
relationship between the false alarm rate (Fa) and the proba-
bility of detection (Pd) by changing different thresholds on a
detector’s output. Fa and Pd are defined as follows:

Fa =
Nf

Nb
, Pd =

Nc

Nt
, (14)

where Nf is the number of false alarm pixels, Nb is the to-
tal number of background pixels, Nc is the number of correct
detection target pixels and Nt is the number of total true tar-
get pixels. Fig. 3 shows the ROC curves of the above three
detection algorithms. Our QCEM algorithm has significantly
enhanced the performance of the original CEM algorithm and
get the best detection result.

Fig. 3. The ROC curves on the synthetic hyperspectral image.

5. EXPERIMENT ON REAL HYPERSPECTRAL
DATA

A real hyperspectral image is also used to conducted the ex-
periment. The data is a part of the airport in San Diego, Amer-
ica, and is collected by the Airborne Visible/InfraRed Imag-
ing Spectrometer (AVIRIS). The AVIRIS sensor collects the
spectral data in 224 bands spanning from 0.4 to 2.5 µm. The
size of each band is 200×200 pixels. The first band of the hy-
perspectral image is shown in Fig. 4(a) and Fig. 4(b) shows
the groundtruth. We can see that three airplanes are locat-
ed in the left half of the image. The target spectrum d used
in this experiment is provided by the spectral library on the
Internet. The regularization parameter β of our QCEM algo-
rithm is set to 0.01, which is the same as it was used in the
last experiment. Fig. 5 shows the detection results: (a) origi-
nal CEM, (b) regularized-CEM and (c) the proposed QCEM.
Fig. 6 shows the ROC curves of three above mentioned meth-
ods’ detection results. The ROC curves further prove that our
algorithm largely improve the original CEM and regularized-
CEM algorithm on real hyperspectral data.



Fig. 4. (a) First band of the AVIRIS image. (b) Truth distri-
bution of the targets (groundtruth).

Fig. 5. Detection results of (a) CEM algorithm, (b)
regularized-CEM algorithm and (c) our QCEM algorithm on
AVIRIS data.

6. CONCLUSION

In this paper, we propose a new hyperspectral target detec-
tion algorithm, Quadratic Constrained Energy Minimization
(QCEM) algorithm. QCEM is a nonlinear version of original
CEM algorithm. Experimental results on one real hyperspec-
tral image and one synthetic hyperspectral image suggest that
QCEM has significantly improved the performance of origi-
nal CEM.
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