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Abstract
Target detection in hyperspectral images is an important task. In this paper, we
propose a sparsity based algorithm for target detection in hyperspectral images. In
sparsity model, each hyperspectral pixel is represented by a linear combination of
a few samples from an overcomplete dictionary, and the weighted vector for such
reconstruction is sparse. This model has been applied in hyperspectral target detection and solved with several greedy algorithms. As conventional greedy algorithms
may be trapped into a local optimum, we consider an alternative way to regularize
the model and ﬁnd a more accurate solution to the model. The proposed method is
based on convex relaxation technique. The original sparse representation problem
is regularized with a properly designed weighted ℓ1 minimization and eﬀectively
solved with existing solver. The experiments on synthetic and real hyperspectral
data suggest that the proposed algorithm outperforms the classical sparsity-based
detection algorithms, such as simultaneous orthogonal matching pursuit (SOMP)
and Simultaneous Subspace Pursuit (SSP) and conventional ℓ1 minimization.
Key words: Hyperspectral target detection; Sparsity-based algorithm; Convex
relaxation; Weighted ℓ1 minimization.
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Introduction

Hyperspectral imagery (HSI) detection involves important applications such as space security, attack-warning or debris detection. Hyperspectral
imaging sensors provide image data containing both spatial and spectral information, referred to as a data cube [14,18]. The idea for hyperspectral imaging
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is based on the fact that the amount of radiation varies with wavelength for
any given material. The radiance of the materials can be measured by hyperspectral sensors within each pixel area at a very large number of contiguous
spectral wavelength bands. Recent study shows that great majority of natural signals are constitutionally sparse in a certain basis or with respect to a
given dictionary [2]. They can be approximately represented by a few atoms
in an overcomplete dictionary. Sparsity has played a key role in many signal and image processing applications such as compressing and denoising [10]
,[13]. Moreover, the recent development in the sparse coding of signals and images has provided an extremely powerful tool for computer vision and pattern
recognition [2], [11], [17]. At the moment, there are several sparsity based detection algorithms for hyperspectral target detection, especially Simultaneous
Orthogonal Matching Pursuit (SOMP) and Simultaneous Subspace Pursuit
(SSP) [8]. These approaches notice and utilize the sparsity of coeﬃcients in
constructing natural signals. However, without constructing the coeﬃcients in
a global fashion, greedy algorithms could trap into undesired local optimums.
Thus, it is signiﬁcant to seek a new algorithm for sparsity reconstruction and
better solving these problems.
In this paper, we propose a novel sparsity based algorithm for HSI target
detection, based on a regularized sparsity model and convex relaxation technique [3]. In sparsity model, a test pixel lies in the union of the target and
background subspaces and can be approximately represented by combination
of training samples considered as atoms within an overcomplete dictionary.
The atoms will be assigned diﬀerent weights for this representation and it is
believed that very few atoms will be actually used thus the weights are usually
sparse, denoted as sparse coeﬃcients. This property of sparse representation
can be used in several applications of signal, image processing and computer vision [17]. Recent studies have also suggested the eﬀectiveness of sparsity
model in HSI target detection [8]. Once the dictionary is constructed with
atoms representing background signatures and atoms representing target signatures, it can be separated as background and target sub-dictionaries. The
sparse coeﬃcients with respect to these two parts respectively can recognize a
test pixel discriminatively as target or background pixel. However, the sparsity model faces with a important challenge about its solution. So the novel
idea here is that we provide an eﬀective approach to analysis of weights of sparse representation in a global fashion. A weighted ℓ1 minimization is applied
to approximately solve the original problem and ﬁnd a more accurate global
solution.
This paper is structured as follows. The sparsity model for hyperspectral
target detection is brieﬂy reviewed in section 2. The proposed target detection
algorithm is introduced in Section 3. The eﬀectiveness of the proposed method
is demonstrated by experiments in Section 4. Conclusions are drawn in Section
5.
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Sparsity Model for Hyperspectral Detection

Let x be a hyperspectral pixel observation, which is a B-dimensional vector
with B being the number of spectral bands and the entries corresponding to
the spectral bands [8]. An unknown test sample x lies in the union of the
background and target subspaces and therefore can be written as a sparse
linear combination of all training pixels by combining the two dictionaries
Ab ∈ B × Nb and At ∈ B × Nt :
x = Ab sb + At st = [Ab

At ][sb

st ]T = As,

(1)

where A = [Ab At ] is a B × (Nb + Nt ) matrix consisting of both background
and target training samples, and s is an (Nb + Nt ) dimensional sparse vector.
Given the dictionary of training samples A, the representation s satisfying
As = x can be obtained by solving the following sparse optimal problem:
(P0 ) : bs = argmin∥s∥0

subject to As = x.

(2)

When we ﬁnd the sparse solution s to the proposed problem, the class of
x can be determined by comparing the residuals rb(x) = ∥x − Ab sb ∥2 and
rt(x) = ∥x − At st ∥2 , where sb and st represent the recovered sparse coeﬃcients
corresponding to the background and target sub-dictionaries, respectively. The
output of detector is calculated by [8]:
D(x) = rb(x) − rt(x) = ∥x − Ab sb ∥2 − ∥x − At st ∥2 .

(3)

If D(x) > ϵ, where ϵ is a given threshold, x is determined as a target pixel;
otherwise, it is labeled as a background pixel [11], [12].
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Proposed Algorithm

To solve the optimal problem in (2), most approaches are based on the
greedy algorithms [2]. In this paper we focus on an alternative way. By replacing (2) with a continuous or even smooth approximation, which solution is
more accessible. This kind of approach is called Convex Relaxation Techniques.
To handle the (P0 ) problem easier, there were several attempts focusing on
its regularizing with tractable functions such as ℓ1 norm and some smooth
functions like standard log-barrier approximation. A common alternative of
(P0 ) problem was to consider the convex problem:
(P1 ) : bs = argmin∥s∥1
3

subject to As = x.

(4)

Unlike (P0 ) and smooth approach mentioned above, this problem is convex
and could be solved eﬃciently.

3.1 Weighted ℓ1 Approach
In proposed algorithm, we consider another approach to regularize ℓ0 norm.
As recent studies suggested, ℓ1 norm approach fails to take into consideration
that the ℓ0 norm was indiﬀerent to the magnitude of the nonzero entries
of the reconstruction coeﬃcients [3]. To be explicit, coeﬃcients with larger
magnitudes will be penalized more heavily in the ℓ1 norm, unlike the more
democratic penalization that ℓ0 does. To address this imbalance, a weighted
formulation of ℓ1 minimization was designed to more democratically penalize
nonzero coeﬃcients [2]:
(WP1 ) : bs = argmin∥Ws∥1

subject to As = x.

(5)

The matrix W is a diagonal positive-deﬁnite matrix that introduces the
above-mentioned precompensating weights. For convenience the (i, i)th entry
in diagonal line of the matrix is marked by wi . It is also suggested that [3]
the corresponding ℓ1 relaxations (P1 ) and (WP1 ) will have diﬀerent solutions
in general [2], [3]. Hence, it is believed that if the weights wi is set wisely,
(WP1 ) could make more democratic penalization than (P1 ) does and therefore
enhance the sparse reconstruction.
Using an iterative algorithm to construct the weight wi tends to allow
for successively better estimation of the nonzero coeﬃcient locations. Since
in this kind of methods, the larger signal coeﬃcients are more likely to be
identiﬁed as nonzero [4]. In the proposed iterative algorithm, once locations for
nonzero entries are identiﬁed, their inﬂuences are down weighted. Therefore
more sensitivity is provided for identifying the remaining small coeﬃcients.
Based on this kind of idea, we hope to ﬁnd an eﬀective way for setting wi ,
which makes minimization in each iteration is a process of ﬁnding solution to
(P0 ) approximately. In this paper, we propose a novel method for regularizing
ℓ0 norm via (WP1 ) problem and solved with reweighted ℓ1 minimization.
3.2 Construct the Weights

To regularize the ℓ0 norm with weighted ℓ1 , the selection of the weights is
considered most important. In the proposed approach, we found a continuous
function F (a, si ) (where a is a parameter) applied to each elements of s, and
the sum of those values will approach the ℓ0 norm of s. Other than classic
4

methods, like (P0 ), this attempt aims to make democratic penalization as the
ℓ0 norm does. Moreover, in order to put forward our (WP1 ) construction, we
∑
apply the ﬁrst-order approximation of function i F (a, si ) and this approximation maintain the property of converging to ℓ0 . Finally, we propose our
iterative algorithm for solving our (WP1 ) problem, which solution proved to
be eﬀective in the detection task.
Consider that ℓ0 norm is indiﬀerent to the magnitude of the nonzero entries
∑
in s, we are looking for a function F (a, si ), so that i F (a, si ) obtain the same
property. We hope that the convergence order of F (a, si ) is considerably high.
We set F (a, si ) as:
1 −as
F (a, si ) = e− a e i .
(6)
Compared with some recently applied function in approaching ℓ0 norm we get
faster in convergence, which suggests at the right neighborhood of point 0,
F (si ) approaches 1 as quick as possible.
Actually, it is not hard to observe the convergence order of F (a, si ) is
1
super-exponential, (compared with g(si ) = e− a si ) as a → ∞ when si is ﬁxed,
i.e.
− 1 e−asi
lim a 1
= 0.(si = s0 ̸= 0).
(7)
a→∞ − s
a i
In order to regularize our optimal problem to be convex, i.e., the (WP1 )
∑
problem discussed above, we apply the ﬁrst-order approximation of i F (a, si ).
First, by applying the Lagrange mean value theorem, we get the ﬁrst-order
approximation of F (si ):
F (si ) ≈ F ′ (s0 )(si − s0 ) + F (s0 ) = F ′ (s0 )si + c,

(8)

where c is a constant related to the point s0 . To be explicit, we ﬁnd a tangent
line of F (si ) at the point s0 . Thus, we put forward the ﬁrst-order approxima∑
tion of i F (a, si ) as following:
∑
i

F (a, si ) ≈

∑

F ′ (s0 )si + ci , (s0 ̸= 0).

(9)

i

By utilizing this ﬁrst-order approximation, we replace the (P0 ) problem with
(WP1 ) : bs = argmin ∥Ws∥1

subjet to As = x,

(10)

or
(WPδ1 ) : bs = argmin ∥Ws∥1 subjet to ∥As − x∥2 < δ,
(11)
′
where wi = f (s0 ). In practice, we use an unconstrained version and regularize
the ℓ2 term in order to apply a quadratic programming:
λ
(WPλ1 ) : bs = argmin ∥Ws∥1 + ∥As − x∥22 ,
2
5

(12)

where λ is a Lagrange multiplier. Note that we focus on the weights of this
(WP1 ), the signiﬁcant part of this approximation lies in the fact that it differentiates the weights based on the gradient at point near zero or much larger
than zero. In proposed algorithm, a nature choice of s0 for iith entry in the
weights matrix is set to be the ith entry of the last solution, i.e., wi in kth
iteration is obtained as:
wik = F ′ (sk−1
).
(13)
i
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Iterative algorithm for sparse reconstruction

As the reweighted ℓ1 minimization does, we would like to construct our
iterative algorithm which renews the weights W in each iteration. As wi =
F ′ (s0 )si , it is nature to consider using si−1 in the iteration to replace s0 , since
when si−1 is large, its corresponding weights F ′ (si−1 )si becomes very small (near zero), which helps to keep the large signal coeﬃcients in later iterations. We
are more likely to ﬁnd the dominant coeﬃcients in the sparse reconstruction.
The proposed convex relaxation based target detector (CRBTD) hyperspectral image detection is presented as follows:
Task: Approximate the solution of ((P0 ) : bs = argmin∥s∥0 subject to As =
x).
Parameters: We are given the matrix A, the vector x, and the error
threshold ε0 .
Initialization: Initialize k = 0, and set the initial solution s0 = mins ∥As−
x∥2 and the initial residual R0 = 0.
Main Iteration:

Increment k by 1 and perform the following steps:

a. Weight Update: wik = F ′ (sk−1
)
i
b. Update Solution: Compute sk+1 = argmin∥Ws∥1 + λ2 ∥As − x∥22
c. Update Residual: Compute R = sk+1 − sk
d. Stopping Rule: If ∥R∥2 is smaller than the predetermined threshold
ε0 , stop. Otherwise, apply another iteration.
Output: The desired result is sk . Apply (3) for labeling the test pixel.
The optimal problem (11) in each iteration of the proposed algorithm is
solved with the quadratic programming by expanding the ℓ2 term. We use the
existing function provided by Matlab called quadprog to apply the quadratic
6

Fig. 1. Spectra of A, G, R, P, Gd and M.

programming. The parameter a in the reweigthed algorithm we proposed has
a range to set with respect to its sensitiveness. As we have discussed, the larger
coeﬃcients in current iteration tends to make smaller weights in next one, a
is the parameter responsible for how large a coeﬃcient should be considered
as nonzero [9], [17]. As a → ∞, more smaller coeﬃcients are taken as nonzero
and get less penalization, so these coeﬃcients are likely to be remained. In
our experiments, the parameter a is set to be around 100, which allowed the
algorithm provide great performance.

5

Experimental Results

In this section, we use one synthetic hyperspectral image and three real hyperspectral images for target detection experiments. The proposed algorithm
CRBTD is compared with conventional sparse algorithms including Simultaneous Orthogonal Matching Pursuit(SOMP), Simultaneous Subspace Pursuit
(SSP) and unweighted ℓ1 minimization. SOMP and SSP falls in the general
class of greedy algorithms and unweighted ℓ1 minimization is compared as a
classical convex minimization [4], [16].

5.1 Synthetic Image Experiment

we use the synthetic image designed method introduced by Chang et al.
[7]. Five pure pixels were chosen: Airplane (A), Grass (G), Roof (R), Parking
apron (P), and Ground (Gd) from a real hyperspectral image collected by the
Airborne Visible/Infrared Imaging Spectrometer (AVIRIS) sensor. Six kinds
of spectra were utilized to design a 189-band synthetic image with size of
200 × 200 called synthetic image, where target spectra are simulated by A, G,
R, P and Gd, and the background spectra are ﬁlled by the spectrum of M. The
mean spectrum of the synthetic image is removed. In Fig. 1, spectra of A, G,
7

Fig. 2. The ﬁrst band image of the synthetic image.

Fig. 3. ROC curves of diﬀerent algorithms for the synthetic image.

R, P, Gd and M are shown. Fig. 2 shows the ﬁrst band of the synthetic image.
The pure-pixel panels are in the column 1 and 2, and mixed-pixel panel in
in column 3, 4 and 5. White Gaussian noise with 50dB Signalto-Noise Ratio
(SNR)is added to the synthetic image.
The synthetic image is used to detect the ﬁve kinds of target spectra:
A, G, R, P, and Gd [15]. The ROC curves show the varying relationship of
detection probability and false alarm rate. We pick thousands of thresholds in
the range of the minimum and maximum of the detector output to calculate
the ROC curve. The class labels for all pixels, targets or non-targets, in the
test region are determined at each threshold. The PFA is calculated via the
number of false alarms (background pixels determined as target) over the
number of pixels in the test region, and the PD is the ratio of the number of
hits (target pixels determined as target) and the total number of true target
pixels. It could evaluate the performance of detectors and compare detectors
independently of discriminative threshold selections [14]. A better detector
performance contributes to a higher ROC curve [5], [6]. Fig. 3 shows the ROC
curves of diﬀerent algorithms, namely, CRBTD, SOMP, SSP and unweighted
ℓ1 method. In Fig. 3 ROC curves of diﬀerent algorithms are overlapped, and all
locate at 1. It means no matter what the false alarm rates are, the probabilities
of detection are always 1. From Fig. 3, we can see all algorithms can detect
targets well.
8

Fig. 4. (a) The ﬁrst band image of AVIRIS-I. (b) The ground truth of AVIRIS-I.
(c) The ﬁrst band image of AVIRIS-II. (d) The ground truth of AVIRIS-II. (e) The
ﬁrst band image of AVIRIS-III. (f) The ground truth of AVIRIS-III.

5.2 Real Image Experiments

The three real hyperspectral images used in the experiments, AVIRIS-I,
AVIRIS-II and AVIRIS-III respectively were collected by the Airborne Visible/Infrared Imaging Spectrometer (AVIRIS) sensor. The spectral data in
224 wavelengths spans from 0.4 to 2.5 µm. After removing the water absorption and low SNR bands, 189 available bands are left. Fig. 4 shows AVIRISI, AVIRIS-II and AVIRIS-III hyperspectral images. To be speciﬁcal, Figs.
4(a), (c) and (e) illustrate the ﬁrst band images of AVIRIS-I, AVIRIS-II and
AVIRIS-III hyperspectral images, and Figs. 4 (b), (d) and (f) show the ground
truth of the three hyperspectral images. These image contains dozens of military targets, such as planes, as shown in Fig. 4. For these three AVIRIS
images, every pixel on the targets is considered a target pixel when computing the ROC curves. We use a small target subdictionary containing 2 kinds
of target spectra. For the background subdictionary, we selected 498 natural
spectra. So, the dictionary consists of 500 spectra in all.
The convex relaxation based target detector (CRBTD) detection output
of AVIRIS-I, AVIRIS-II and AVIRIS-III HSI is shown in Fig. 5 in the form of
gray scale images. CRBTD method clearly performed to be eﬀective. Under
the same settings (i.e., same target and background training samples for all
detectors), the classical detectors SOMP, SSP and unweighted ℓ1 method are
also applied to detect the targets of interest. The results are compared in
both visual and quantitative aspects by the receiver operating characteristic
(ROC) curves. ROC curves for AVIRIS-I HSI using CRBTD, SOMP, SSP and
unweighted ℓ1 method are shown in Fig. 6. Overall from this ﬁgure, one can
observe that for CRBTD method yields the best performance. Under the same
settings (i.e., same target and background training samples for all detectors),
CRBTD could perceive the target distribution well. In terms of SOMP and
SSP algorithm, they involve the matrix inverse which could results in the
singular or ill-conditioned form and irritating issue for solving the detection
9
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Fig. 5. The CRBTD detection results of AVIRIS-I (a), AVIRIS-II (b) and AVIRIS-III
HSI (c).

Fig. 6. The ROC curves of CRBTD, SOMP, SSP and unweighted ℓ1 method in
AVIRIS-I HSI.

problem. The unweighted ℓ1 method is well eﬃcient to some extent. When
comparing unweighted ℓ1 , a weighted method suggests a noticeable advantage.

6

Conclusions

In this paper, we proposed a novel sparsity based algorithm for target detection in hyperspectral images. The proposed method was based on convex
relaxation technique. Since hyperspectral pixels can be represented by a linear
combination of a few samples from the spectra library, the sparsity model is
believed to be eﬀective for such task. Since the conventional greedy algorithms
for solving the sparsity model may get inaccurate local solution, we construct
a convex relaxed model with weighted ℓ1 minimization. A continuous convex function is applied to create the reweighted vector. The experiments with
respect to syndetic and real hyperspectral data suggest the advance of the
proposed algorithm on sparse reconstruction. The results show that the pro10

posed algorithm outperforms the classical sparsity based detection algorithms,
such as simultaneous orthogonal matching pursuit (SOMP) and Simultaneous
Subspace Pursuit (SSP).
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